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Abstract

In this paper we propose a local exponential estimator for a multiplicative nonparametric
frontier model first introduced by Martins-Filho and Yao (2007). We improve their esti-
mation procedure by adopting a variant of the local exponential smoothing introduced in
Ziegelmann (2002). Our estimator is shown to be consistent and asymptotically normal
under mild regularity conditions. In addition, due to local exponential smoothing, poten-
tial negativity of conditional variance functions that may hinder the use of Martins-Filho
and Yao’s estimator is avoided. A Monte Carlo study is performed to shed light on the
finite sample properties of the estimator and to contrast its performance with that of the
estimator proposed in Martins-Filho and Yao (2007). We also conduct an empirical ex-
ercise in which a production function and associated efficiencies for branches of financial
institutions in the United States are estimated.
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1. Introduction

Economists have been concerned with the theoretical and empirical measure-
ment of productive efficiency for at least fifty years, wviz., the seminal work of
Koopmans (1951), Debreu (1951) and Farrell (1957). The microeconomic theo-
retical foundations for such measurement is relatively well established (Fére et al.
(1985), Fére et al. (2008)). However, the specification of flexible statistical models
and accompanying estimators of production frontiers that permit robust empirical
investigations of efficiency is the object of a much more recent and developing
literature in Econometrics and Statistics.

From an econometric perspective, the main objective in this literature can be
stated simply. Let ¥ = {(x,y) € §Rﬁ_+1 : x can produce y} be a technology where
LS ?Rﬁ_ is a vector of inputs used to produce an output y € Ry. The produc-
tion frontier associated with U is defined as p(z) = sup{y € Ry : (x,y) € ¥}
for all z € RE. Given a sample of n realized production plans (or production
units) x, = {(X;,Y;)}™,, which share the technology ¥, the principal goal of this
literature is to estimate p(z) for any @ € R4 . For an arbitrary production plan
(X;,Y;) € U, we define its (inverse) Farrell efficiency as 0 < R; = p())/éi) < 1. Once
an estimate of p is available, estimated efficiencies can be readily obtained. Es-
timated efficiencies can then be used to construct relative and absolute efficiency
rankings for the observed production plans or units. It is hard to overstate the
empirical relevance of constructing efficiency rankings. They are used by man-
agers to allocate resources within organizations and consequently establish the
natural boundaries of a firm or by policy makers to determine the most efficient
allocation of public resources in education, health care, pollution abatement, etc.
Fried (2008) provides a comprehensive survey of the empirical /applied use of such
rankings.

There exists two main statistical approaches for modeling production frontiers.
The deterministic approach is based on the assumption that all observed data lie
in U, ie., P((X;,Y;) € ¥) =1 for all ¢, where P is a probability measure. In
these models, any deviation of realized output Y; from p(X;) is attributable to
unobserved inefficiencies of the production plan i. The stochastic approach allows
for random shocks to the production process. As a result, observed output Y; at
any input level can be smaller or larger than p(X;). As a result, it may be that
P((X;,Y;) ¢ ¥) > 0 for some 7. Although more appealing from an econometric
perspective, separating inefficiency and random shock in stochastic frontier models
requires strong parametric assumptions on the joint density of (X;,Y;) (Aigner
et al. (1977), Fan et al. (1996), Kumbhakar et al. (2007), Martins-Filho and Yao
(2014)). In contrast, deterministic frontier models can be estimated under much
milder restrictions on the stochastic process generating x,.

Estimation and inference for deterministic frontier models has been largely

1See Simar and Wilson (2008) for a recent comprehensive review of the latest developments.
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conducted using DEA (data envelopment analysis) and FDH (free disposal hull)
estimators (Charnes et al. (1978), Deprins et al. (1984)). Although the asymptotic
properties of DEA (Kneip et al. (2008)) and FDH (Park et al. (2000)) are now
well known, these estimators are not robust to extreme values, are inherently
biased downward and generate estimated frontiers that are either non-smooth or
discontinuous. To remedy these problems a number of alternative nonparametric
frontier specification and estimation procedures have been proposed (Aragon et al.
(2005), Martins-Filho and Yao (2007, 2008), Daouia and Simar (2007), Daouia
et al. (2009, 2010, 2012)). In this paper we add to this literature by considering a
novel estimator for the multiplicative nonparametric frontier model first proposed
in Martins-Filho and Yao (2007). We assume that output Y; is generated by

o(X;)

OR

Y, = R;fori=1,2,---.,n (1)
where R; is an unobserved random variable representing efficiency and taking
values in the interval [0,1], X; is an observed random vector representing inputs
taking values in %, o(x) : R — (0,00) is a measurable function, op is an
unknown parameter and the production frontier is given by p(z) = @ In
this model R; has the effect of contracting output from optimal levels that lie
on the production frontier. The larger R; the more efficient the production unit
because the closer the realized output is to that on the production frontier. We
assume that E(R;|X; = x) = pr where 0 < pg < 1 and V(R;|X; = z) = 0%.
Here, the parameter up is interpreted as a mean efficiency given input usage and
the common technology W, whereas o is a scale parameter for the conditional
distribution of R; that also locates the production frontier. Its shape is captured
by o(x). These conditional moment restrictions together with equation (1) imply
that E(Y;|X; = z) = [20(x) and V(Y| X; = z) = 0%(z). The model can therefore
be rewritten as,

(R; — pir)
OR

where b = f:—g, € = Ri;R”R, m(X;) = bo(X;), E(e;|X; = ) = 0 and V(| X; =
r) =12

Given the location-scale nature of (2), we follow Fan and Yao (1998) and pro-
pose an estimation procedure that consists of three stages: first, m(z) is estimated
using the local linear estimator of Fan (1992); second, squared residual from the
first stage are used in a local exponential procedure to estimate the conditional
variance o2(z) as in Ziegelmann (2002); third, the estimated conditional variance
from stage 2 is used to estimate or based on an anchoring assumption to be

Y; =bo(X;) +o(X;) =m(X;) + o(X;)e; (2)

2For simplicity, we will henceforth write E(-|X; = x) or V(-|X; = =) simply as E(-|X;) or
V([ X3).
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discussed in Section 2. The estimator is fairly easy to implement as it involves
standard nonparametric procedures. In addition, the frontier estimator has a num-
ber of desirable characteristics: first, contrary to the frontier estimators in Aragon
et al. (2005), Daouia et al. (2009) and Martins-Filho and Yao (2008), it is a smooth
function of input; second, although the frontier estimator envelops the data, it is
not intrinsically biased as the popular DEA (data envelopment analysis) and FDH
(free disposal hull) estimators, therefore no bias correction is needed; third, the
estimator is fairly robust to outliers and extreme values. In addition, our estima-
tion procedure leads to a frontier estimator that is consistent and asymptotically
normal when suitably centered and normalized. Lastly, our estimation procedure
improves on the estimator developed in Martins-Filho and Yao (2007) in that our
procedure assures that the estimated conditional variance function (and estimated
frontier) is always positive. Potential negativity of the estimated variance may be
a major impediment in empirical studies that use Martins-Filho and Yao (2007).
Our proposed estimator is also shown to have desirable small sample properties as
revealed by a Monte Carlo study which provides both evidence on the estimator’s
finite sample behavior and its performance relative to the estimator proposed in
Martins-Filho and Yao (2007).

Besides this introduction, our paper has five more sections. Section 2 presents
the deterministic frontier model under consideration, lists the assumptions on
the data generating process and gives a detailed description of the estimator.
Section 3 provides the main theorems which characterize the asymptotic behavior
of the estimator. Section 4 contains a Monte Carlo simulation and in Section
5 we apply our methodology to construct an efficiency ranking for branches of
financial institutions in the United States. Finally, Section 6 provides a summary
and conclusions.

2. Statistical Model and Estimation Procedure

In this section we provide a full specification of the statistical model under
consideration and give a detailed description of the estimation procedure. We start
by listing a set of assumptions that are sufficient to establish the main asymptotic
results in Section 3.

AssumpPTION Al. 1. Z; = (X;,R;) for i = 1,2,--- ,n is an independent and
identically distributed sequence of random vectors with density g. We denote by
gx(z) and gr(r) the common marginal densities of X; and R; respectively, and
by grix(r; X) the common conditional density of R; given X;. 2. 0 < B, <
gx(z) < By, < o for all z € G, G a compact subset of Sx = x}_,(0, 00), which
denotes the Cartesian product of the intervals (0, co).

ASSUMPTION A2. 1. Y; = o(X;) £, 2. R; € [0,1], X; € Sx. 3. E(Ri|X;) = pig,

oOR

V(Ri|X;) = 0%. 4. o*(x) = exp(f(x)) where f(x) is everywhere differentiable

with derivatives of order d = 1,2 denoted by f(z). 5. o(z) < B, < oo for
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all z € Sx. 6. We denote the first and second derivatives of o2(-) : Sx — R by
o?M(z) and 0*?)(z) and assume that |02(?)(z)| < By, for all z € Sx.

Assumptions Al and A2 imply that {(Y;,X;)}?, is an iid sequence of ran-
dom vectors, which is a typical assumption in the deterministic frontier literature.
Contrary to Park et al. (2000) and Kneip et al. (2008) we do not need to assume
that the joint density of (Y;, X;) is positive at the frontier, which can be too re-
strictive in some settings. In contrast, for asymptotic normality we require, as
in Martins-Filho and Yao (2007), that mazi<,;<,R; approaches 1 at a suitable
rate when n — oo (see Theorem 3 below). Assumption A2.4 assures that for any
unknown and arbitrary f(z), we have o(z) > 0.

The following assumption is standard in nonparametric estimation and involves
only the kernel K. We observe that A3 is satisfied by commonly used kernels such
as the Epanechnikov, Biweight and others. Assumption A4 is a Lipschitz condition
on the marginal density of X which can be relaxed (Mynbaev and Martins-Filho
(2010)) at the expense of greater mathematical complexity.

AssuMPTION A3. K(z) : x¥_;[-1,1] — R is a symmetric density function
with bounded support satisfying: 1. [x;K(x)dz = 0 for ¢ = 1,---,p. 2.
[ ziz;K(z)dz = 0% for i = j, and O for i # j and i,j = 1,---,p. 3. for all
x € RP, |K(z)| < Bg < 0. 4. for all z,2" € RP, |K(x) — K(2')| < m|lx — 2'|| for

some 0 < m < oo, where || - || is the Euclidean norm.
AssuMPTION A4. For all z,2' € O, |gx(x) — gx(2')] < my|lx — || for some
0 <my < oo.

We propose the following three stage estimation procedure. First, for any
z € R we obtain m(x; h,) = & where

A o X, —x
A, B) = i Y, —a—B(X; —x))°K [ == ).
(&, B) = argmin,, g ;( a— B( x)) ( ™ )
The bandwidth h,, satisfies 0 < h,, — 0 as n — oo. This is the local linear kernel
estimator of Stone (1977) and Fan (1992) with regressand Y; and regressors X;. In
the second stage, we follow Ziegelmann (2002) by defining e; = (V; — m/(X;; hy))?
and obtain 62(x; h,) = exp(f;), where

n

A, X; —
(01,02) = argming, ,, Z(ei —exp(f1 + 02(X; — x)))*K ( 33) .

h
i=1 n

This provides an estimator 6(z;h,) = (62(z; hn))l/g. In the third stage, an
estimator for op is obtained by defining

Y, -1
slln) = (1??% &<Xi;hn)> |
As observed in Martins-Filho and Yao (2007) the estimation of o by sp is justified

by assuming that there exists one observed production unit whose production plan
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lies on the estimated frontier. This is the anchoring assumption we referred to in
the introduction. As a consequence the forecasted value for R; associated with
this unit is identically one. We emphasize that the estimator sp depends on the
bandwidth h,, through 6(X;; h,). Furthermore, in what follows it is desirable to
distinguish the bandwidth used in the first two stages of estimation, which we will
denote by h,, from that used in defining sr, which we will denote by g,, where
0 < gn — 0 as n — oco. Therefore, we represent the production frontier estimator
at © € RP by p(z; hn,y gn) = % Note that by construction, provided that the
chosen kernel K is smooth, p(z;hy, g,) is a smooth estimator that envelops the
data (no observed pair (Y;, X;) lies above (p(Xy; hn,gn), X;)) but may lie above
or below the true frontier p(X;), therefore avoiding the inherent bias of DEA and
FDH estimators.

3. Asymptotic Characterization of the Estimator

Due to the similarity between our proposed estimation strategy and that pro-
posed in Martins-Filho and Yao (2007), most of our focus will be on establishing
the asymptotic properties of the second stage estimator under exponential smooth-
ing. For simplicity, but without loss of generality, all of our results are for the case
where p = 1. For the case where p > 1, all results hold with appropriate adjust-
ments on the relative speed of n, h2 and g?. The proofs for all results are provided
in Appendix 2.

We start by noting that 02! () = exp(f(x))f") (x) and therefore a local linear
approximation for o2(X;) is given by L(X; — z,0(x)) = exp(6;(z) + O2(z)(X; —
z)), where (z) = (f(z), fV(x)) = (61(x),02(z)). Tt is easily verifiable that
L(0,0(z)) = exp(61(z)), LM (0,0(x)) = exp(8y(x))0a(x) and L (X; — 2,60(x)) =
02 (x)? exp(61(x) + O2(2)(X; — x)). When necessary we will denote by 6°(z) =
(09(x),09(x)) the true values of f(z) and f(V)(z). Since we have defined e; =
(Y; — m(X;; hy))? we write the second stage estimator as

n

(1) 0a(0)) = avgmin 3" (es — L0% — 2.0) 1K (7).

Furthermore,

(01(x),02(x)) = argmin% Z (ei —exp(6y)
i=1

01,02

— By exp(61)(X; — ) — %L@)(&(Xi —z),0)(X; — x)2)
1 Xi — X
X hnK< I )
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where \; € [0,1]. Now, suppose 0 (), and 5(z) are uniformly consistent es-
timators of ¢9(z) and 63(z) in a compact set G and put & = 1L&(X\(X; —
2),0(x))(X; — x)2. We will first provide the asymptotic properties of the estima-
tor 75 (x) defined by

n

. 1 N 1 Xz — X
(9103 ) 35 5 10)) = argmin 3 = & =0 = Xs = )P K (T4,
Y2 M hy hn
(3)
where 1 = exp(61) and 75 = 03 exp(671). To this end we first obtain the following
auxiliary lemma.

Lemma 3.1 Assume A1-A4. If h, — 0, 17;?3) — 00, then for every x € G a

compact subset of (0,00) x [0,1] we have

i)~ - S

nhngx(r) =
K (thn x> (ei & —o(zx) — o?W(x)(X; — 1:))
= Op(Rn,l(x))

uniformly in G, with

Roae) = 1

lz:K (Xh; x) (e & ?(@) ~ PO @) (X, — ) ‘

iz:K (Xh; x) (Xh; x) (ei — & —o%(z) — 2V (2)(X; — x)) ‘}

Lemma 1 reveals that to ascertain the uniform order in probability of

+

n

Vi @) —0%(@) — ——— 3K (Xi ) (61— & 0*(@) — 0* D (@) (X; — )

nhngX (SL’) =1 hn

in a compact set G, it suffices to investigate the order of the absolute value of the
terms

a5) = s S I (FE ) (== o) — P ) X, — )

i=1
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co(x) = nhngX iK( ) (Xh;x) (e;—&;—02(z) —* D (2)(X; — ).

1:1
However, given assumption A3 of compact support for the kernel K, it suffices to

investigate the order of |c;(z)|.® In Theorem 1 we provide the exact order of

n

ilaih) — o) - LS R (FE (- 4 (a) - )X )

nhpgx (x) —

and establish that under suitable normalization and centering 5 (x; hy,) is asymp-
totically normally distributed.

Theorem 3.2 Suppose that assumptions A1-Aj hold. In addition assume that
E(|e||X:) = p1(X;) is a uniformly bounded function of X; € G, a compact subset

of (0,00). If h,, = 0, n?:;) — 00, then for every x € G:

a) sup|yi (25 hn) — 0 (2) = sy 2in 1K( )(eﬁ & —o*(z) — a*W(z)
zeG
(X; — )| = Op(h3) + Op((n2mly1/2),

b) If, in addition, we assume that E(e}|X; = x) = pa() is continuous in (0,00),
h21n(n) — 0 and nh3 = O(1) then for every z € G

0'4 X
V(7 (@) — 0%(z) — Bu) % N (o, Dt - 1) [ K2<y>dy) ,

9x ()

2 _2
where By, = %(02(2)(90) - L.(Q) (0, 90(56))) + 0p(h2) with 0°(z) = (f(z),
FD(x)) uniquely defined by o (x) = L¥(0,6°),i = 0,1.

It is a direct consequence of Theorem 1 and the equality

Vit (\i0) = o) = s Buno)+ (o5~ s ) Buno))

20 (x 20(x) 204(x)

1
=3 ==V nhy, (7] — Uz(x) — Bin)

M( yf(x)o(x)an)i>N<o o*(z) )—1) /K2 dy>

4gx (2)

31t should be emphasized that kernels with non-compact support could also be accommo-
dated, provided that their rate of tail decay is sufficiently fast, but this would involve much
longer proofs.
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where By, = §375(02) (@) = L)(0,6%)) + 0, (A2).

Theorem 1 relies on the uniform consistency of 6(z) as an estimator of 6°(z) in

the compact set GG. The next theorem establishes the desired uniform consistency
of 0(x).

Theorem 3.3 Assume that A1-A4 hold and that for all z fized in a compact subset
G of (0,00) we have that (61(z),02(z)) satisfy the following estimating equations

e Sy (e — DX — 2, 6(2)) L(X; — 2, 0(2) K (X=2)

n

; - 0.
i i (i = L(XG — 2, 0(2))) L(X; — 2, 0(2))(X; — 2)K (XT:I)

Furthermore, assume that for any fived x, 0°(z) is in the interior of a compact
set © C R2. Then, 0(x) — 0°(x) = 0,(1) uniformly on a compact set G of (0, 00),
where (x) = (61(x),02(x))".

It is a direct consequence of Theorem 2 and the second part of the proof of
Theorem 1 in Hall et al. (1999) that exp(6:1(z)) — i (z) = 0,(h?). Combined with
Theorem 1 we have,

Vo (fexp(dn(2) o) = B2, ) S 8 (02 i) - 1) [ K2y ).

where By, = %(02(2) (z)—L?(0,0°)+0,(h2). The results in Theorems 1 and

2 refer to the estimator &(x; hy) = \/exp(f1(x)), but since our main interest lies

on p(x; hn, gn) = ifﬁ?ﬁf

of the frontier estimator requires a characterization of the asymptotic behavior of
sr(gn), and how it combines with the results obtained from Theorem 1 for 6 (z; hy,).
The following Theorem 3 is presented without proof, as it can be obtained directly
from Martins-Filho and Yao (2007) in combination with Theorems 1 and 2 given
above. Part a) of Theorem 3 is a general result regarding the order in probability
of sr(gn) —or. It states that if the estimator &(z; g,,) used to obtain sg is O, (Ly,),
where L,, is an arbitrary nonstochastic sequence such that 0 < L,, — 0 as n — oo,
and if 1 —maxi<i<n Ry = Op(Ly,), then sr(gn) —or = Op(Ly). The result is useful

Tntey — 00, then 6(z;9n) — o(2) = Op(g;).-

, a complete characterization of the asymptotic behavior

in that from part a) of Theorem 1, if

Hence, together with the assumption that 1 — mazi<i<p % = Op(g,%) we obtain
sr(gn) — or = Op(g2). It should be noted that the required boundedness in
probability of 1 — mazi<;<nR; is not necessary to establish the consistency of
sr(gn), which results directly from part a) of Theorem 1. Its use is confined to
part b) of Theorem 3, where we use the result on the order of sgr(g,) to obtain
the asymptotic normality of p(x; hy,, gn) under a suitable normalization.
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Theorem 3.4 Let L, be a nonstochastic sequence such that 0 < L, — 0 as
n — oo and suppose that (1) 6(x;9,) — o(x) = Op(Ly,) uniformly in G, and (2)
1-— mal‘lgignRi = Op(Ln) Then,

a) SR(gn) —OR = Op(Ln)7

b) Under the assumptions in Theorem 1 part b), if % — 00, nh® = o(1), and
nh,gt = O(1) then

a, (220 28 g ) 4 v (05 B ) - ) [ K2y )

sr(gn) OR ’ 40'%39)((56

where Ba, = Op(g2).

The conditions on the order of the bandwidths h,, and g, are also crucial for
asymptotic normality of the estimated frontier. In particular, they imply that the
bandwidth h,,, used in the first and second stages of the estimation, must satisfy
nh3 = o(1), which represents an undersmoothing in the estimation &(z,h,). In
addition, the bandwidth g, used to obtain s in the third stage must converge
to zero slower than h,. The requirement ng? — oo in the estimation of sg is
necessary only in that it provides a convenient order for Bs,.

A sharper result on the bias term B, can be obtained by assuming that
1 —maxi<ij<n R; = 0,(g2). In this case part (b) of Theorem 2 can be extended to
give

i, (250 28 ) 4 (05 Bt - ) [ K2y )

sr(gn)  OR dof9x (x)
where Bsy, = % SUP, e, refo | : 2)(%)a?L(;) (0,90)13) +0,(g7)- We note that

this increased precision in the expression of the bias is unnecessary for inference
purposes, since it is normally conducted under the assumption that nh,gt — 0,
in which case vnh,Bs, — 0 as n — oco. If we compare the preceding result to
that obtained from Theorem 2 in Martins-Filho and Yao, we can see that the
two estimators have exactly the same asymptotic variance (resulting in the same
efficiency) but a different bias. The difference is governed by the term L(*)(0,6°).
As mentioned in Ziegelmann (2002), since L(®(0,6°) is a nonnegative quantity,
we conclude that the bias of the estimator we propose can be smaller than that of
the local linear estimator if 02(2)(x) is nonnegative and greater than L(?)(0,6°).

Our results show that a local exponential estimator can be incorporated into
the second stage estimation replacing the local linear estimator without loss of
consistency or asymptotic normality, previously established under the assumptions
of Martins-Filho and Yao (2007).

180 Brazilian Review of Econometrics  33(2) November 2013



Local Exponential Frontier Estimation

4. Monte Carlo Study

In this section we investigate some of the finite sample properties of our esti-
mator, henceforth referred to as NPE, via a Monte Carlo study. For comparison
purposes, we also include in the study the local linear frontier estimator proposed
in Martins-Filho and Yao (2007), referred to as NP. We note that in Martins-Filho
and Yao (2007) an extensive Monte Carlo study was performed comparing their
estimator to the bias-corrected FDH estimator. They find that in most experi-
ments considered the NP estimator outperforms bias-corrected FDH in terms of
bias, MSE and the various efficiency criterion measures considered in their paper
and herein (see discussion below). Given the relative performance of NPE and NP
discussed below, we do not report results on the relative performance of the NPE
estimator and the bias corrected FDH.

Our simulations are based on model (1), i.e., ¥; = ‘7()57;)&, with p = 1. We
generate data with the following characteristics. The X; are pseudorandom vari-
ables from a uniform distribution with support given by [a;,b,]. R; = exp(—Z;),
where Z; are pseudorandom variables from an exponential distribution with pa-
rameter S > 0, therefore R; has support on (0, 1]. We consider three specifications
for o(x):

o1(x) = V/z, with z € [a;, b,] = [10, 100];
o2(x) = 3(z — 1.5)® + 0.25x + 1.125, with z € [a;,b,] = [1,2] and
o3(x) = 2% with = € [a;,b,] = [1,2].

These functions are associated with concave, non-concave nor convex and con-
vex production frontiers, respectively. Two parameters for the exponential dis-
tribution are considered: 1 = 3 and 3 = 1/3. These choices of parameters
produce, respectively, the following values for the parameters of gp|x : (ir, 0%) =
(0.25,0.08) and (0.75,0.04). Three sample sizes n = 200,400, 600 were used.

An important aspect in the implementation of our frontier estimator is band-
width selection. We consider the following rule-of-thumb bandwidth.

1/5

[ K2($)do(fis(\n) — 1) [ 62(x)da s

hror = 5 n

(02.)2 <maX1§i§n <W>) % Sor 62 ()

The sequence {5%(X;)}7, is estimated with an ordinary least square quartic re-
gression of {¢2}_; on {X;}, with & = Y; —m(X;), where m(X;) is estimated via
local linear regression with a rule-of-thumb bandwidth as in Ruppert et al. (1995).
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@) &
{62(X;)}", is then used to construct [&?(z)dz, max1<i<n<( °¢ 02(T52 i >

and 1 377 | 6% (x;). In particular f2e® is estimated by (62(V(2))?/62(2). fia(\n)

4
. 2 7 ey 6(Xi,A0)Y5 :
Iy ((T(X}:’)w) —b| , where b= % is an estimator for b = ugr/oR.

{6%(Xy, A\n) }q in fi4 is estimated via local linear regression of {2} ; on {X;}™ ,,
with a rule-of-thumb bandwidth A, as in Ruppert et al. (1995) and Fan and Yao
(1998).

The results of our simulations are summarized in Figures 2-19 that appear in
Appendix 1. Whenever negative estimates for o(-) occur in the case of NP, the
sample is discarded. In this case, another sample is generated until 1000 valid
repetitions are obtained. Figures 2-19 give boxplots of MSE for the frontier func-
tion estimator p(-), shape function estimator (-), location parameter estimator
sgr, and efficiency estimator R;. Each boxplot is constructed from 1000 points
(repetitions), where each point corresponds to a sample draw and is calculated as
the squared Euclidean distance between the estimate and true value of p(-), o(+),
or and R;. The thick horizontal line inside the rectangle in each boxplot corre-
sponds to the median of the distribution, and the rectangle height corresponds
to interquartile range. Consequently 50% of data is represented by the rectangle.
The two thin horizontal lines below and above the rectangle are the whiskers. The
whiskers extend to the most extreme data point which is no more than 1.5 times
the interquartile range.

General regularities: As expected from the asymptotic results of Section 3, as
the sample size n increases, the boxplots show that MSE decreases for the totality
of simulations for all estimators and values for ugr considered.

We now turn to the impact of different values of ur on the performance of
NPE and NP. Regarding sg, 6(z), the frontier estimator and the efficiency, the
best performance in terms of MSE occurs when ur = 0.25. The relative diminished
performance when pgr = 0.75 is most likely explained by the fact that for this DGP
0% is half of its value in other DGP, contributing to its higher variance as suggested
in Theorem 2.

Remark 1. It is worth noting that most of the frontier estimators available
in literature present better performance as the concentration of firms near to the
frontier increases. Since NP and NPE estimators are based on conditional variance,
their performance are disregard of that concentration. Therefore they may be
valuable alternatives to estimating production frontiers in situations such that the
majority of firms are not close to the frontier.

Relative performance of estimators: For §; = 3 there are no great differences
between NP and NPE. Some exceptions occur when we use the DGP with o1 (z). In
this case, NP performs better than NPE with some exception regarding dispersion
of the MSE in frontier function estimator. See Figures 2-10. The main differences
in performance occur when we use 82 = 1/3. In this case, on estimating the
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production frontier (Figures 11-19) there seems to be evidence that NPE dominates
NP in terms of MSE in all cases considered.The gain of NPE seems to be on
estimating og, since that NPE outperforms NP on estimating or, while NP does
a slightly better job than NPE on estimating frontier shape function.

Remark 2. NP and NPE performances are quite similar in the most favorable
case for both of them, that is, with 5; = 3. Nevertheless, NPE performs better
in the hardest design. Therefore it seems to be a valuable tool in estimating the
frontier if compared with the NP estimator. Furthermore, in the next section we
shall see that preventing negative estimates for the variance may be important in
empirical work.

5. Empirical exercise — The Case of a Production Frontier for Bank
Branches in the United States

We illustrate the use of our methodology by analyzing United States (US) bank
data. The goal is to estimate a production frontier for bank branches in the US
territory using cross sectional data from 2009. The data source is the Federal
Deposit Insurance Corporation (FDIC) and all data are publicly available from
FDIC’s website (http://www2.fdic.gov/SDI/main.asp).

We only consider one input and one output. If multiple inputs are considered,
one can avoid slow convergence rates due to increased number of regressors (curse
of dimensionality) by reducing the number of conditioning variables via principal
components analysis, for instance. In order to measure branch output we use
net loans and leases (nll), whereas to measure branch inputs we consider total
deposits (td). We restrict our sample to branches working with total deposits
between US$ 10,000.00 and US$ 1,000,000.00 corresponding to net loans and leases
between US$ 10.00 and US$ 1,000,000.00. Moreover, we project the inputs into
the interval [0,1] to facilitate the bandwidth choice. For sake of comparison with
our proposed estimator, we include in our analysis both the FDH estimator and
the nonparametric linear estimator of Martins-Filho and Yao (2007).

Figure 1 shows the estimated frontiers for US territory and Table 1 presents
the efficiency rank for the 30 most efficient branches. The smoothness level for NP
is the highest we can get without obtaining negative scale estimates using a non
variable bandwidth. Therefore, the NP estimator fails in providing nonnegative
estimates for the conditional variance using larger bandwidths. Such a result ad-
vocates in favour of the NPE estimator, which possesses the natural nonnegativity
property.

Our analysis here amounts to descriptive comments of the empirical results and
should obviously be complemented by a more in depth knowledege of the banking
industry and state regulatory environment. Our goal was simply to illustrate the
use of our estimation method and how it can be useful in analyzing the efficiency
of a particular industry.
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6. Summary and Conclusions

In this paper we use the idea of local exponential smoothing to improve the non-
parametric frontier estimator proposed by Martins-Filho and Yao (2007). Their
estimation strategy suffered from the undesirable property of potentially generat-
ing negative estimated conditional variances. Local exponential smoothing pre-
vents this problem. In addition, there seems to be finite sample gains in adopting
exponential smoothing. These gains are particularly large in the estimation of the
location parameter in the frontier model. Our simulation results confirm and give
added support to those in Ziegelmann (2002). We also illustrate our approach via
an empirical data frontier analysis, offering the practitioner an applied viewpoint.

References

Aigner, D., Lovell, C. A. K., & Schmidt, P. (1977). Formulation and estimation
of stochastic frontiers production function models. Journal of Econometrics,
6:21-37.

Aragon, Y., Daouia, A., & Thomas-Agnan, C. (2005). Nonparametric frontier es-
timation: a conditional quantile-based approach. Econometric Theory, 21:358—
389.

Charnes, A., Cooper, W., & Rohdes, E. (1978). Measuring the efficiency of decision
making units. Europena Journal of Operational Research, 2:429-444.

Daouia, A., Flores, J.-P., & Simar, L. (2010). Frontier estimation and extreme
value theory. Bernoulli, 16:1039-1063.

Daouia, A., Flores, J.-P., & Simar, L. (2012). Regularization of nonparametric
frontier estimators. Journal of Econometrics, 168:285-299.

Daouia, A., Gardes, L., & Girard, S. (2009). Large sample approximation of
the distribution for smoothed monotone frontier estimators. Technical report,
INRIA.

Daouia, A. & Simar, L. (2007). Nonparametric efficiency analysis: A multivariate
conditional quantile approach. Journal of Econometrics, 140:375-400.

Debreu, G. (1951). The coefficient of resource utilization. Econometrica, 19:273-
292.

Deprins, D., Simar, L., & Tulkens, H. (1984). Measuring labor inefficiencies in
post offices. North Holland, Amsterdam.

Fan, J. (1992). Design-adaptive nonparametric regression. Journal of the American
Satistical Association, 87:998-1004.

184 Brazilian Review of Econometrics  33(2) November 2013



Local Exponential Frontier Estimation

Fan, J. & Yao, Q. (1998). Efficient Estimation of Conditional Variance Functions
in Stochastic regression. Biometrika, 85:645—660.

Fan, Y., Li, Q., & Weersink, A. (1996). Semiparametric estimation of stochas-
tic production frontier models. Journal of Business and Economic Statistics,
14:460-468.

Fare, R., Grosskopf, S., & Lovell, C. A. K. (1985). The measurement of efficiency
of production. Kluwer-Nijhoff. Boston.

Fare, R., Grosskopf, S., & Margaritis, D. (2008). Productivity and efficiency:
Malmquist and more. In Fried, H., Lovell, C. A. K., & Schmidt, S. S., editors,
The measurement of productive efficiency, chapter 5, pages 522-621. Oxford
University Press, 2nd edition.

Farrell, M. J. (1957). The measurement of productive efficiency. Journal of the
Royal Statistical Society A, 120:253-281.

Fried, H. (2008). Efficiency and productivity. In Fried, H., Lovell, C. A. K., &
Schmidt, S. S., editors, The Measurement of Productive Efficiency and Produc-
tivity Growth, chapter 1, pages 3-91. Oxford University Press, 2nd edition.

Hall, P., Wolff, R., & Yao, Q. (1999). Methods for estimating a conditional distri-
bution function. Journal of the American Statistical Association, 94:154-163.

Kneip, A., Simar, L., & Wilson, P. (2008). Asymptotics and consistent Bootstraps
for DEA estimators in nonparametric frontier models. Econometric Theory,

24:1663-1697.

Koopmans, T. (1951). An analysis of production as an efficient combination of
activities. In Koopmans, T. C., editor, Activity Analysis of Production and
Allocation, volume 13 of Cowles Commission for Research in FEconomics. Joh
Wiley and Sons, New York, NY.

Kumbhakar, S., Park, B. U., Simar, L., & Tsionas, E. (2007). Nonparametric
stochastic frontiers: a local maximum likelihood approach. Journal of Econo-
metrics, 137:1-27.

Martins-Filho, C. & Yao, F. (2007). Nonparametric frontier estimation via local
linear regression. Journal of Econometrics, 141:283-319.

Martins-Filho, C. & Yao, F. (2008). A smoothed conditional quantile frontier
estimator. Journal of Econometrics, 143:317-333.

Martins-Filho, C. & Yao, F. (2014). Nonparametric stochastic frontier estimation
via profile likelihood. Econometric Reviews, forthcoming.

Brazilian Review of Econometrics  33(2) November 2013 185



Carlos Martins-Filho, Hudson S. Torrent and Flavio A. Ziegelmann

Mynbaev, K. & Martins-Filho, C. (2010). Bias reduction in kernel density estima-
tion via Lipschitz condition. Journal of Nonparametric Statistics, 22:219-235.

Park, B. U., Simar, L., & Weiner, C. (2000). The FDH estimator for productivity
efficiency scores: asymptotic properties. Fconometric Theory, 16:855-877.

Ruppert, D., Sheather, S., & Wand, M. P. (1995). An effective bandwidth selector
for local least squares regression. Journal of the American Statistical Associa-
tion, 90:1257-1270.

Simar, L. & Wilson, P. (2008). Statistical inference in nonparametric frontier
models: recent developments and perspectives. In Fried, H., Lovell, C. A. K.,
& Schmidt, S. S., editors, The Measurement of Productive Efficiency, chapter
Chapter 4. Oxford University Press, Oxford, UK.

Stone, C. J. (1977). Consistent nonparametric regression. The Annals of Statistics,
5:595-620.

van der Vaart, A. (1998). Asymptotic statistics. Cambridge University Press,
Cambridge, UK.

Ziegelmann, F. (2002). Nonparametric estimation of volatility functions: the local
exponential approach. Econometric Theory, 18:985-991.

186 Brazilian Review of Econometrics  33(2) November 2013



Local Exponential Frontier Estimation

Appendix 1: Tables and Graphics

Table 1

NPE Efficiency Rank - US Territory - inputs in [10, 000, 1, 000, 000]

Agency City State R

1 Wright Express Financial Services Corporation  Salt Lake City uT 1.00
2 Glacier Bank Kalispell MT 0.98
3  Northern Bank & Trust Company Woburn MA 0.96
4 Access National Bank Reston VA 0.96
5  The Needham Bank Needham MA 0.93
6  Atlantic Capital Bank Atlanta GA 0.93
7  Parke Bank Sewell NJ 0.93
8 Quad City Bank and Trust Company Bettendorf IA 0.93
9 Two Rivers Bank & Trust Burlington IA 0.92
10 Community West Bank, National Association Goleta CA 0.92
11  Southern First Bank, National Association Greenville SC 0.92
12 Bank of Washington Washington MO 0.92
13 First Bank Richmond, National Association Richmond IN 0.91
14  Jefferson Bank and Trust Company Eureka MO 0.91
15  First Financial Bank El Dorado AR 0.90
16  The Park Bank Madison WI 0.90
17  The Foster Bank Chicago 1L 0.90
18  Integrity Bank Camp Hill PA 0.90
19  Wainwright Bank & Trust Company Boston MA 0.89
20  Mountain West Bank Coeur D Alene D 0.89
21 Monarch Bank Chesapeake VA 0.89
22  Horicon Bank Horicon WI 0.88
23 Metropolitan National Bank New York NY 0.88
24  Republic Bank Bountiful uT 0.88
25 Adams Bank & Trust Ogallala NE 0.87
26  Farmers & Merchants Bank Timberville VA 0.87
27  Centennial Bank Fountain Valley CA 0.87
28  Citizens National Bank of Texas Waxahachie TX 0.87
29 Kansas State Bank of Manhattan Manhattan KS 0.87
30 Medallion Bank Salt Lake City uT 0.86
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Figure 1
Frontier Estimation - US Territory - = € [10, 000, 1,000, 000]
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Figure 2
Frontier I - Boxplot of Estimators - n =200 - ur = 0.25
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Frontier I - Boxplot of Estimators - n =400 - ur = 0.25
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Frontier I - Boxplot of Estimators - n = 600 - ur = 0.25
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Figure 5
Frontier II - Boxplot of Estimators - n = 200 - ur = 0.25
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Figure 6

Frontier II - Boxplot of Estimators - n =400 - ur = 0.25
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Frontier II - Boxplot of Estimators - n = 600 - ur = 0.25
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Figure 8

Frontier IIT - Boxplot of Estimators - n = 200 - ur = 0.25
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Frontier III - Boxplot of Estimators - n =400 - ur = 0.25
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Frontier III - Boxplot of Estimators - n = 600 - ur = 0.25
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Figure 11
Frontier I - Boxplot of Estimators - n = 200 - ur = 0.75
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Figure 12
Frontier I - Boxplot of Estimators - n =400 - ur = 0.75
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Frontier I - Boxplot of Estimators - n = 600 - ur = 0.75
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Frontier II - Boxplot of Estimators - n =200 - ur = 0.75
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Figure 14
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Frontier II - Boxplot of Estimators - n =

400 - pg = 0.75
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Frontier II - Boxplot of Estimators - n =

600 - g = 0.75
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Figure 17

Frontier IIT - Boxplot of Estimators - n = 200 - ur = 0.75
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Figure 18
Frontier III - Boxplot of Estimators - n =400 - ur = 0.75
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Frontier III - Boxplot of Estimators - n = 600 - ur = 0.75
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Appendix 2: Proofs

Proof of Lemma 1. Given the algebraic structure of the optimand in equation (3)
we can write

Letting S(z) = ( 9x (x) 0 9 ) we have by the Cauchy-Schwarz inequality
0 9x (z)oy

that
1 1/2

[An] < o= ((1,0)(S; (z) = 7 (2))*(1,0))

n

le (.’17)
From part (b) of Lemma 1 in Martins-Filho and Yao (2007),

Bo(x) = byt ((1,0)(S; (2) — 571 (2))2(1,0)) /% = 0,(1)

uniformly in G, therefore completing the proof.

Proof of Theorem 1. a) Given the comments following Lemma 1, it suffices to
investigate the order of |¢q(z)|. After substituting e;, we write ¢1(z) = I1,(x) +
Ion(x) + Isn(2) 4+ L4n(2) — Isn(z), where

Io(z) = nhnng(m)Zj;K <th‘”> (02()(@) — 0%(2) — D (2)(X —:17)>
) = ey 2K () @ - e

o) = s S () e~ m(X0)

o) = s S () (0 ) =)

In(z) = m _1 K (Xi ;x) &

The uniform order in probability of I, (x) for j = 2,3,4 on the set G is given in
Martins-Filho and Yao (2007) Theorem 1, part (a). Here we study the order of
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I, (x) — Is,(x). Note that

i (2) — Tsn(2) = m Z_; K (Xh; “”) (ﬁ(xi)

— o) - *(2) (X; - )

- ﬁ X_:K (Xh; ””) (;UQ(Q)()\;(Xi —z) +2)(X; —x)?

where R; = 3 02(2)()\;(Xi17)+:17)L(2)()\¢(X,-1:),0A(:1:))) and A; € [0,1]. Now,
rewriting R; = < 2\ (X;—z)+x)— L3 (0,90)>+%( )(0,60°)— LA (A (X —

x),é(g;))> we have

Iy (z) — I, () = %;‘}:(x)zn:[( (th; x) (thz T

=1

s ok () ()

= Jln(x) + Jgn(x)

)
X (02<2>(A’-(Xi — ) +x) — L0, 90))

Since L) (0,0) = exp(61(x))(f2(x))? = UQ(x)(f(lz(x))Q, we have that L) (0, o)
< C provided |fM(z)| < By and 0 < o?(z) < B2. Also, since |02 (z)| < Ba,
for all z by the same argument in (Martins-Filho and Yao, 2007, p. 307), we have
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that sup,cc |Jin ()| < Op(h2). Now,

o) = g3 (572) (52 (o ol
— 02(2) exp(6h (2))) xp(B(2) (X — )X

1 03(2) exp(01 (2)) (exp(Ba(x) (X — 2)A,) — 1))

e
2ngx ()

i[( (th;x) (Xiil;x)Qexp(@(a;)(Xi — )N

—05(x) exp(ﬂl(x))hn(x) ZH:K <XZh; x) (XZh; x>2

x (exp(fa(2)(X; — 2)N\;) — 1).

= (62(x) exp(61(2)) — b2 () exp(61 ()

h

> 1 we have K (%) = 0. Hence, consider

n

Note that whenever |Xi=2

All terms in the sum are positive, and since the exponential function is everywhere
increasing exp(f2(x)(X;—x)X;) < exp(|02(x)|hy,) since A; € [0,1] and | X;—z| < Ay,
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otherwise K (Xh—:x) = 0. Therefore,
hn, e|92("” Xi—x X;—z\’
M, K
= 2 () ()
h X;—x X, —z\°
<B 1 |92($)‘h K ? T
- X;—x X, -2\
e { (52 (5)
e NTAN
7 1 —x XZ T
hn
L 1 - XZ z\?
hn
and consequently
1 n
sup | M, <B,. su eez(w)m"h%{su [K

() ()
e (52) (5]
et () (55 )

From (Martins-Filho and Yao, 2007, p. 306),

n

1 Xi—x Xi—ac 2
JE— K
a2k () (57

(e (5) (52) ) o

2 .
and sup,cq hlnE<K (%) (XT;””) ): O(1). Furthermore, given that 6(x) is

sup
z€G

an uniformly consistent estimator for 6 (z), we have elf2(®)| = ¢lf2(2)=02(2)+02 (@) hn
< elf2(@)=02(@)|hntl62(®)lhn 2y 1 ypiformly in G. Hence, sup|M (z)] < B 'h2(h,0,

=gx ' n

(1) +0(1)) = Byehiop(1) + By O(hy) = Op(hy). Smce (0(z) — 8(2)) = 0,(1)

uniformly in G, we have by Slutsky Theorem that ég(m)%él(z) — 03(z)e? (@) =
op(1). Similarly,

x hn - Xl_m Xl_x 2 b (2 Y
et s 3o (T (B o 0 =g

2ngx p
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Hence, sup,cc |Jon ()| = 0p(h2). In all, sup,cq |[11n(z) — Isn(z)] = Op(h2), and
using the results in Martins-Filho and Yao (2007) for I, (z), Is,(z) and Iy, (x)

we have
n

vi(@) - o®(x) mZK (thz>

=1

(ei — & —o%(x) — 2V (2)(X; — x)) ‘< 0, (h3) + op<(h” 12("))1/2>,

which completes the proof of part a).
b) A direct consequence of a) is the fact that

Vi) = ) = s S K (K
X (ei —& - 02(33) — W) (X; -z )

= /nh70,(1) + (h2 In(n))*20,(1).

Hence, provided h2 In(n) — 0 as n — oo, the asymptotic distribution of v/nh,,
(v (z) — 0%(z)) is the same as that of

SUPzeG

Xi —

~

n

Frra (7)) (e st o)
—  Vrhnei(@)

which can be written as

Vnhper () = v/nhy(I1n(2) — Isp(x) + Lon(2) + Isn(x) + Lan(x)).
From Martins-Filho and Yao (2007) we have that

Vahtan(a) 5 8 (0.2 )~ 1) [ K20y

9x (x)
Also, v/nhpIs,(x) = v/nhy,
<1op(1)+h%op(1)>= Vhnop(1)++/nh30,(1). Hence, provided that nh? = O(1),

v
VnhyIs,(z) = 0,(1). Moreover, v/nhy, Iy, (x) = v/nh,(h2o,(1)) = \/nhZo,(1) =

0p(1). We now focus on

Vihallin(o) = I = bt (221) (X;L;I)Qm

nhngX (LU) i=1
v/ nh, B, (x)
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Note that we can write,

o) = (gt 3o () ()

(e () () e

n 2gx

— LOMN\(X; — x),é(g;))>.

But using the definition of Ja, (z) given in part a) as well as its order in probability
we have that the last term is \/nhy,Jon (z) = Vb, (h20,(1)) = \/nh20,(1) = 0,(1)
provided nh? = O(1). Now,

B o (5) (B5) v o 40

=1
— L@(0,6%)] )

1
= K(¢)¢?[0?® (\i(X; — — L@ (0,6°
0z (n?gx / (N (Xi —2) + @) (0,6)]

_1
2gx ()

- L®(0,6%) / K(9)¢°gx (x + hn¢)d¢> - %h“) (z)o — %L”) (0,60

( / K(6)$*h® (2 + Nhp¢)g(x + hnd)hnds
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as n — oo by Lebesgue’s dominated convergence Theorem. Also,

1Lh, 1 X, —z\ /X, —z\°
LS N e
V(h%nzgw); ( o >< P )

x [0 @ (X; — ) + ) — L0, 90)])

1 1 X, —z\ [ Xi—z\° ,
= K v 2 \(x, —
i@ ( B )( i > oK ) )

—L @ (0, 90)]

“mar 0 (57) (57) weima o
L 0,62

(o (55) (5572) im0
_ L<2>(0,90)]>>2}

1
K(¢ 2(2) X, — By e 0
h2 ( n 29X / ( i— 1)+ ) (0,6%)]

_ VY [ a2 ‘
— o iz [ KA @+ Xk
— L®(0,0°))g(x + hn@)hndd

(/K WP (z + X hno)

— L(0,6)]gx (= + hn¢>hnd¢) 2}.

Observe that

ity ([ KOOI @ 4 Xo) ~ D20, ax(a + hat)do) 0

as n — oo and

1

_ L e setin® heé) — L0 9Y2
i | KOS @+ Nihao) ~ L0, P+ h)ds —0

Brazilian Review of Econometrics  33(2) November 2013 201



Carlos Martins-Filho, Hudson S. Torrent and Flavio A. Ziegelmann

provided that nh, — oo and given that [ K?(¢)¢?d¢ < C. In all,

n

s S () () et

i=1

= SO (@) — LO(0,67)0% +0,(h2),

and

h, 1 iK (th> <Xix)2[L(2)(O,90) —LOW(X, — 2),0())]

n 2g9x (x) n hay
= Op(hi)
Hence, we conclude that
iy (210) = 0%(@) - Gh20R( D @)  LA0,6%) + 0y(n) ) S
o(x) - 2
N (0. 28 Guato) = 1) [ K2y

which completes the proof. R
Proof of Theorem 2. Since é(x) = ( zl () ) is in the interior of some compact

subset © of R? and satisfies

it suffices to show that there exists D(x, ) such that D(x,0%(z)) =0 and sup
0B,z

[|Dr(z,8(x)) — D(z,0)|| = 0p(1) (van der Vaart (1998)). We focus on D,, 1(z,0),
the first element of D, (z,6) and set Di(z,0) = gx(x)L(0,0)(c*(z) — L(0,0)).
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Given that e; = (Y; — m(X;; hy))? we can write

= D (02 (X0) 0% (X) + 0%(X:) - L(X; - 2,6(2))

L(X; — $,é(x))K (thg aj)
+ nin (m(X:) — (X3 b)) L(X; — 2, 0(2) K <th x)
oo N
™ iy 277 ) 6 L(X; —x,ﬁ(aj))[(( ) (i
-m(X;)) =0
or Dy 1(z,0) = I, () + I3, (z) — I3, () + 1}, (x) = 0 where

(o) = ni > (0 (X)X, ) (T ) 0006 - mi(K)
I (z) nh (X;: h) 2 L(X; — z,0(2) K (Xh;”“") .

We will show that sup, g Suppee | Dn,1(,0) — gx (z)(0*(x) — L(0,6))L(0, )|
= 0,(1), and since gx(z)(c?(z) — L(0,0°))L(0,6°) = 0 it follows that 0(z) is a
uniformly consistent estimator for §. We start by considering I3, ().

L. (z nh Za (e2 — 1)[L(0,0) + LW (0,6)(X; — z)

exp(02Xi(X; — 2))| K (Xh; x)

X;—x h
1K 22—~ LM (0. 6)="

x X"_x exp(Oa)(X; — 2))K X"
B hn,
= 131 (@) + I35, (2)

> (X))

i=1
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Now,

nhhn zn:‘f?(Xi)(e? 1)K (Xh; x> ’

=1

- |L(0,9)|ng0p<<12§Z)>1/2>7

1/2
% >, In(n *
and SUDpeo SUDseq |51 1 (2)] < supgee |L(0, 6) By 0(( ni,]) ) For I3, ,(2)

we have

sup |13, ,,(2)| < |L(0,0)| By, sup
zeCG TE

X; —
I < hy,|LM -1
2 (@)] < Bl LO0,0)| By s Za e ‘
X,_
xexp(@zz\i(Xi—a:))K< Zh I)
X, —
(1 _
< Il L 0.0) By Zo ol =1l 2
Xi—l‘
xexp(|92|hn)K< o )
n
and therefore
sup [ 135, (x)| < 1ol L1(0,0)[ By el sup ———— ZU et =1

zeG zeG nhngX

_ X; —
”exp<|e2|hn>K( : I)

n n

|

Now, note that o2(X;)|e? — 1| = |(R; — ur)? — oklog?0?(X;) < C given that

R; €[0,1], and
(e )£ (5
x LU ’“‘R) “’R' ©(Xi)gr(Ri|X,)AX,dR,
h / (XZ )JQ(X")
x/|<R -

- J?B‘QR(Ri‘Xi)dRigx (X,)dX;.

) % (X5)
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Now, since [ |(R;—ugr)?—o%|gr(Ri|X;

JdR; < f|(Ri—NR)2|9R(Ri|Xi)dRi+U}2% <
20%, we will denote this integral by n(X;). S

1 X; —
Bk () enle 1) = oz [ KO0+ hudinte + o)
ng( +hn¢)hnd¢

with

supE<h1nK (th; x) o?(X;)|e? — 1|> /K Yd¢ sup o2 () sup 1(x)

zeG zeG zeG

x sup gx (z) < C.
zeG

where C is an arbitrary constant. By Lemma 1 - part (a) in Martins-Filho and
Yao (2007)

o 0 (%) - (32) oo

zeqG nhngX P

and consequently

SUP 52,5, ()] < P |IL(0,8)| By exp(|f2|hn) [ (<

zeG

nh,
51 SUp 155, (0)] < 50D | L0(0,0) By 502l [ ((
0e® zeG 0cO
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We now turn our attention to I3, (z), which can be written as

(o) = 2 Y (00 26k (S0 ) 0m0X) — (i)

n

+ LM(0,0)(X; — ) exp(B2i(X; — 5”))}

= L(0, 0)% Z(m(Xi) — (X ha)) (0% (X)) P e K (th;x>
o 9)% S (m(X:) = (X ha))(02(X)) 26K (X—”f>

i=1
X (X; — ) exp(620)(X; — x))
= Iékl,n(x) + I;Z,n(x)

We write I3 ,,(z) = L(0, G)gx(a:)m S (m(X;) — (X5 hy))
(X)) K (Xh:’”) From Martins-Filho and Yao (2007) we have that

o [oog L
— (X3 ha)) (0% (X)) P K <Xh;x> ‘

Il
Q
i
>
[\v]
~

+
Q
Y

PR
R
SRR
3|2
~

—

~

(V]
~

1/2
Hence, supsec| iy n ()] < L(0,0)B, [op<h%>+op((lzz’3) )] and

1/2
SUPgec SUPzec ‘[ékl,n(x” < CByy [Op(h%) + Op((lzx?) >} , since Supycg
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L(0,0) = C, given that © is compact. I3, , () can be written as,

I "
nhngx () 2_(m(Xs)

i=1

Lya() = 2L0(0,0)gx (x)

— Xy b)) (0% (X)) 2 K <Xih_$)

x (Xih_x>exp(92)\i(Xi—x)) "

n

= 2L(1)(07e)gx(x)hnl?fm,n(x)
I35, (2)] = 2IL(”(O 0)|gx () hn|l501 5 (2)]-

|I§217n(x)| = nh,gx () ngx(z Z|m
— (X ha) (0% (X)) V2 el K (Xi " >

h,
X, -
° exp(f2Ai (X — x)).

X

1 —T

Since, we have that if > 1 then K ( ) = 0 we can write that

nhngx (@) Z'm (Xm0 (6) 2l (22
’X

|I§21,n(x)|

elf21hn

since ef22i(Xi—z) < ol2[hn given that 0 < )\; < 1. Now, note that from Fan and
Yao (1998) and arguments similar to those used to establish Lemma 1, we have
that for a bandwidth h; used in the first stage estimation, we have

(X hi) — m(X;) = nhng tz:K(Xthl >[Yt m(X;)

m™M (X)) (X, — Xi):| +0,(Rn,2(X5))

where Ry 5(X;) = 1|20, K (255) vy LK () (KX vy
and Y7 = ¥, — m(z) ~ m®(@)(X, - 2) = §m<2> (X (X, = X0 4 (02(X0) s,
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for Xy = ¢ Xt + (1 — ¢)X; for some ¢ € [0,1]. Thus, we can write

h2 - X - X\ (X — X:\°1
(X (X)) = — 1 § K ¢ ) Zm@(x,,
m( 19 hl) m( Z) nhng(Xl) — ( hl ) < hl ) 2m ( tl)

1 . X, — X; 12,
nhigx (X;) ;K( hy >(h(Xt)) '

+ Op(Rn2(X3))

and

o Xt—X)(Xt—X.)2
m(Xi,hi) —m(X;)| < —L2 <) K : :
) =] S e S (2 -

1
X Im® (X,

1 2 X — X; 12,
nhigx (X;) Z_:K< h1 >(h(Xt)) e

+ Op(Rn2(X5)).
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Consequently, we have

‘I§21,n($)\

IN

ol021hn 1 i[ hi - K<Xt_Xi><Xt_Xi>2
nhngx (v) = [nhigx (Xi) = hy hi

L ZK(Xh_X) (h(X0)2Jes] + 0p<Rn7z<Xi>>}

n :gX

X=X\ (X =X\ (X;—a
K K
) (5a) < (5)

1
(0*(X2)) e 5 Im (Xu)|

n

1 1 <« 1 X, — X,
|9‘hn77§ E K( t 7/) 2 X 1/2
e g €
nhpgx (z) nhy gx (X5) h1 (" (Xe)) el

i=1 t=1

)l (40

ot Y (PO el (B ) 0y (Raa(X0)

nhngx i1
Ln,l(x) + Ln,g(ir) + Ln’g(ir).
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We investigate each of these terms separately. First, we write

2 n
L, 1(.%') < e\ez\hnB—l 1 h1 K (Xz . .Z‘)

SO nhy nhy S hn
02(Xi)1/2| |
gX(Xi) ‘i
1 X, — X\ (X, — X\
— K

" ( hy )( hy )

n

b3 X; —a\ o%(X;)'/?
<emimpt S e () Ty
n i=1 n

gx (X;)

1
X — sup
hl e

(5 ()
n = hn hy,

By (Martins-Filho and Yao, 2007, p. 307) we have that

n

1 XifiL’ O'2 Xz 1/2
nZK< . ) gi&i) e = Oy (1)

and

1< X, —z\ [ Xi—z\°
supZK( A )( . ) = Op(h1).

Hence, supycg SUPyeq Ln,1(2) < supyeg 6‘92‘h"B;;thp(l). Second, we write
n

1 X, — )\ o?(X;)/?
Lyo(x)=elflm — — E K( : ) . i
,2( ) hn QX(Xz) |6 |

)
LI | X, — X;
B

41 & X, —x 02()(-)1/2
< |92\h"B 1 § :F(( 7 ) 7 ;
=¢ = hp gx (Xi) i

1 < X, —z
xsupZK( thl >02(Xt)1/2|€t|~
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Now, observe that

(S ) - & [ (oo

X |Ry — prl|gx (Xi) X grix (Re; Xe)dXdRy
11 X —=x
“onh K( W >(02(Xt))1/2

JRhl

< / IRy — jiml % g (Res Xo)dRogx (X)X,
1 1 X; —x
L fr(E )y

OR hl
X /11<Xt gx Xt)dXt

1/2
_JRhl/K (2 + ho))
X p1(x + h1g)higx (x + hi1¢)de.

Hence,

supE< K(Xt )(o%xt))“%t)gl K(6)dé sup o ()2 sup gx (x)
z€G hl hl OR zeG zeG

x sup 1 (z) < C,
zeG
since (0%(X;))Y?|e;] = az(Xt)1/2£|Rt — pgr| < C, by Lemma 1 in Martins-Filho
and Yao (2007), part (a), if nh? — co. Therefore, we can write

supZK(Xt x)

zeG nhl

1 Xi—w
2(X)) el < K(= 2(X0)'/?
X(07(X0)) led] < sup) 2 ) (X)) el

S
+ §up 1E<K<Xthz x) (UQ(Xt))1/2|€t|)

“o((5) ") rou

Hence, supgeg Supyeq Ln,2(x) < supyco e|92|h"Bg_)}Op(l). Lastly, by (Martins-
Filho and Yao, 2007, p. 308) supgeg SUPyeq Ln,3(2) < supges e|92|h"59_;h%0p(1).
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Combining the results on Ly, 1(z), Ln2(z) and Ly, 3(z) we have, together with
compactness of O, that supgeg sup,eq [132,,(7)| = 0p(1). Now, consider

n

i) = 2 D) = X ) £0.9)

X; —
LO(0,6)(X; — x>eag*““)] " <hx)

1 - ~ Xz' — T
= L(0,0) 5 ;(m(Xi) — (X)) 2K (h>
L(l)(o 0)nh Y (m(Xi)

_ ’ﬁ”L(X“ h1)>2()(2 o x)etgz)\i(Xi—x)K <)(2—£L'>

b,
= 131,5(2) + Lpp, ().

We consider each of these terms separately.

I31,n(2) = L(0,0)gx (2

Z

nhngX 1

X, —
— (X ha)) 2K <hx) which gives

sup 11, (x) < |L0.6)| By sup %me)

zeG nhngX i—1
XK (S0

By (Martins-Filho and Yao, 2007, p. 310)

sup|—————
zeG

n X —
Z m(Xi; ha))? K ( Zh ﬂU) ‘: 0,(h%) and consequently

n

nhngX z=1
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SUPged SUPgzea ‘Izl,n(x” < Suppep |L(0, 9)|ng hiop(l). Now,

Lis (@) = L0, 9)%% Zﬁ;(mu{i) — (X)) K (Xih - @‘) (Xih - w)

x 922 (Xi=2) anq

n

i ()] < IL(0,0) 0 —— > (m(X)

™oi=1
~ Xl — X Xl — X
— (X h))2K ( - > ‘ ;

Again, by compactness of the support of K, we have

602)\1(le1)

| Tinn(@)] < IZO(0, 0)\%% ST m(Xs) — (X b)) 2K (H>

=1

el021h

X, —x
X ’Z ~ and
h7L

D 1521 (#)] < P B [ (0,0) €l 0, (7).

Consequently, suppe SUp,cq iz, (2)] < hi By, supgeo ILM(0,0) el We
now examine I5, (). We start by noting that

o2 (X;) — L(X; — z,0(x)) = 02(X;) — L(0,0) — LM(0,0)(X; — z)ef2M(Xi=)
= 02(z) + 2V (N\(X; — z) + 2)(X; — ) — L(0,6)
— LM(0,0)(X; — x)ef2rXimm),

Therefore,

1 2 _ = Xi xT .
=ox(0{ G ) L<0»9>);K( 1) LX, - 0.0)
1 n X, —x 2(1) 1y’ R .
* nhngx () ;K ( B > { (A (X )+ 2)(X; — )
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We now look at I3 ,,(z), and I75 , () in isolation.

n

By ale) = )~ L0 5 30 (5
~ %) - L(O,en% iK (X"h‘ “) (200

- LD(0,0)(X; — a)e 0 )
- o) - s {03 (F
<k () () e

From Lemma 1 in Martins-Filho and Yao (2007) we have that i

S K ( . f) converges uniformly to gx(x) on a compact set G, hence the

x) L(X; — ,0)

) — hy L1(0,6)

first term converges uniformly to gx (z)L(0,0) on G. By arguments made earlier
in the proof we have that —— ZZ 1 K X —Z (Xh—:” x e?22i(Xi=2) s uniformly
bounded in probability on G, hence the last term is 0,(1) uniformly in G. Hence,
we gave 17, () 2y gx (@) [h(z) = L(0,0)]L(0,6). Now we treat I}, ,,(z). Note that,

Iy (2) fin ZK <X" ;g”) (Xih_“?> <g2<1>(x;(x,» —z) +z) - L1(0,6)

nh,, 4 n
=1

h
x 662)‘i(Xim)) <L(O, 0) — hy L1(0,0) (Xh f”) eagxi<xix>>
1 - X, — X, — ,
L(O,G)ZK( 2 x) ( : a:) <02(1)()\¢(Xi — 1) +2)
i=1 n n

_ L(l)(o7 9)692/\1()(1—96))

1 = Xi—z X;—z\’
—Rp2— 1M K v ‘
h"nhn (0’0); By han,

x ef2i(Xi—z) (aQ(l)(/\;(X,» —xz)+x)— L(l)(O, 9)692)‘1'()(’7_10
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1 L(O,H)gK (X};;) (Xh;”) (02(1)()\;(Xi—x)+x)

Xi—x X, —z\’
—LOO(X — 2 1) E d
LYW (A (X x),@)) —h;, h L'V(0,0) K( T ) ( I )

i=1

x ef2ri(Xi—o) <02(1)()\;(XZ— —z)+x) — LY (X - z), 9))
= Ile,n(x) - 11*22,n(35)~

Observe that
Iy (@) = hnﬁL(o,e) é[( (Xh; x) (Xh; ”) (2D (N(X; — z) + )
(0,6)]
fll (0,6) ZK( :”> <thx) [LM(0,0)
(Xi (X — ), 0)],

where L1(0,0) = o2(z) < C. Also, |0?M(z)| < o?(z)|fM(x)] < C provided
|V (z)| < By. Hence,

— .M

— LMW\

. X,—z
gy ()] < huB, 102K( )\

+hB10 ZK( )’X

- L(l)()‘i( i —),0)].

[L(0,0)

Since, K (%) = 0 whenever %

<1,

* — X
‘—7121,n($)| < hp g;CZK< )
g;CZK(

Now, [L1(0,68) = LW (Xi(X; — ), 0)| = 0% () |1 — M=) < 02 () (14l 1),
Hence, Iy, ,,(2)| < haBy Cr— Y0 1K(X‘*)+h o2(x)(1+em %)) BIlC L

n=gx

> |LMD(0,0) — LY\ (X; — x),0)).
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xYr K (Xh—f) . Again, using Lemma 1 in Martins-Filho and Yao (2007),

sup |Iia1 ()] < hnBy BrClgx (x) + Op(hn)]

zeCG
+ hah(a)(1+ e %=NB L By[gx (2) + Op(hn)],
which gives sup |I{g; ,(7)] = o0p(1).  Similar arguments show that
0B, zeCG
sup  [I{99 ,(2)] = 0p(1) completing the proof for D, i1 (z).
0€0,2cC ’

For the second element D, o(z, ) of the vector D,,(x,6) we put Da(x,0) =0
and note that by assumption A3 it can be verified, given the arguments used above,

that sup |Dpa(x,0)] = op(1).
0O, zeCG
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